In this article we use theoretical and numerical methods to evaluate in a closed-exact form the parameters of Ramanujan type 1/π formulas.
Introduction
We give the definitions of the Elliptic Integrals of the first and second kind respectively (see [9] , [4] ): In the notation of Mathematica we have
Also we have (see [9] , [7] ):
The elliptic singular moduli is defined to be the solution of the equation:
In Mathematica is stated as
The complementary modulus is given by k ′ 2 r = 1 − k 2 r . Also we will need the following relation of the elliptic alpha function (see [7] ):
The Hypergeometric functions are defined by 
and (a) 0 := 1, (a) n := a(a + 1)(a + 2) . . . (a + n − 1), for each positive integer n.
2 The construction of some 1/π and 1/π 2 formulas It holds
Consider the following equation with respect to the function φ 1 (z):
.
For w = k r we get
Now using the formula for a(r), in the sense that
for suitable values for a, b, c we get the following theorem:
From which a special case is
Proof.
We use the function
Then if
where
Hence we get
then an 1/π 2 formula is the following
The left hand of the above equation is a function of E(x), K(x), and can evaluated when we set certain values to the parameters a, b, c.
2)
A 2 = 3136555671686449089
Formula (18) gives about 17 digits per term and is a formula for 1/π 2 . For r = 253 we have another such formula which gives 21 digits per term constructed in the same way as (18).
3 The study of a non usual 1/π formula The j invariant is given by (see [17] ):
where z = √ −r, r-positive real and
is the Dedekind eta function. Also
From [24] section 7, Theorem 7.4 and from [11] formula (5.8), when q = e 2πiz , z = √ −r, r positive real, the modular j-invariant is also given by
The function t r is given from
where 
Also note that we have
Hence with our method in [25] we can simplify the known results of [24] and [11] using the function β r , which defined as the root of the equation:
ii) Set now m r := k 2 r and let a(r), E(x) be the elliptic alpha function and the complete elliptic integral of the second kind respectively (see [7] , [4] 
Hence from the above evaluations and the 1/π series in [6] and [11] we get the next reformulation:
Theorem 3.1 If we define
Note. The function G r is the Weber invariant and
The above formulas (27), (28) and (29) can be used for numerical and theoretical evaluations.
Similarities of formula (29) and a fifth order base formula
From the identity
and using the following relations found in [7] :
with s = 1/3 one can get, (working as in Theorem 2.1) the following Ramanujantype 1/π formula:
where the function α 5 (r) = a 1/3 ( √ β r ) is algebraic for r ∈ Q * + . The parameters and the corresponding function α 5 (r) of (34) are those of fifth singular moduli base theory. Also (34) in comparison with (29) gives the following theorem.
The above formula is for general evaluation of elliptic alpha function in the fifth elliptic base.
Also from the cubic theory as in fifth, we have
we get Also using the cubic theta identities, (see [25] relations (2), (3), (4), (30)) we evaluate α 174 numerically to 1500 digits and then β 58 to 1500 digits accuracy. We then apply the 'Recognize' routine of Mathematica. The result is the minimum polynomial of β 58 (this can be done also from (19) and (23)):
Solving this equation with respect to x we get the value of β 58 in radicals. Thus
(46)
The result is the formula This result is a very flexible formula that gives about 24 digits per term.
Neat Examples with Mathematica and Simplicity
The class number h(−d), d ∈ N of the equivalent quadratic forms is given by
where w(3) = 6, w(4) = 4 else w(d) = 2. 1/2 , then we can evaluate β r and j r from relations (19) and (23). Hence we get the value of J r as in section 4 example 7.
ii) For the evaluation of T r we will need the value of a(r) which is given from (see [7] ):
This in Mathematica is given from we get two equations. After solving them we get if r ∈ N (here r = 163), the values of the parameters J r and T r in algebraic-closed forms. The results are the π formulas.
1)
We have that J 163 is root of
From J r = 4β r (1 − β r ), we get the value of β r and hence The above parameters give 41 digits per term.
Conclusion
We have given a way of how we can construct a very large number of Ramanujan's type 1/π formulas. It is true that in most cases, from r = 1 to 100 (or higher), using Mathematica program, such formulas are very simple, as long as h(−d) remains small and the parameters are solutions of solvable polynomial equations.
